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Confluence of conditional rewriting modulo Motivation

fmod ListsP is
sorts Nat ListN
subsorts Nat < ListN

op _++_ : ListN ListN -> ListN [strat (0) assoc]
op O : -> Nat . op s : Nat -> Nat

ops _+_ _*_ : Nat Nat -> Nat [strat (1 0)]

op prod : ListN -> Nat

vars m n : Nat . vars ms ns : ListN

eq 0O +n=n.

eq s(m) + n =s(m + n)

eq O *n =20

eq s(m) *n=(m *n) +n

eq prod(m) = m .

eq prod(n ++ ns) = n * prod(ns)
endfm
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Confluence of conditional rewriting modulo Motivation

Equational Generalized Term Rewriting System R (EGTRS) [Luc26]:

® A signature of functions (F) ¢ Conditional equations (E)
® A signature of predicates () ® Horn clauses (H)
® A replacement map (u) e Conditional rewrite rules (R)
xs ++ (ys ++ zs) = (xs ++ ys) ++ zs 0+ n — n < Nat(n)
ListN(n) <= Nat(n) s(m) + n — s(m + n) < Nat(m), Nat(n)
ListN(xs ++ ys) < ListN(xs), ListN(ys) 0% n — 0 < Nat(n)
Nat(0) s(m) * n — s(m = n) + n < Nat(m), Nat(n)
Nat(s(n)) < Nat(n) prod(n) — n < Nat(n)
Nat(m + n) < Nat(m), Nat(n) prod(n 4++ ns) — n * prod(ns) <= Nat(n)

Nat(m  n) <= Nat(m), Nat(n)
Nat(prod(xs)) < ListN(xs)

0 ++ [5(0) ++5(s(0))]
prod(0 ++ s(0) ++ s(s(O))J) —x/e 0% prod(s(0) ++5s(s(0))) —= 0
[0 ++ s(0)] ++ s(s(0))

v
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Confluence of conditional rewriting modulo Motivation

E-confluence (CR(R/E)) is confluence of rewriting on equivalence classes

[s]e
* *
R/E R/E
[tle [t]e
" R/E R/E .-
oy e
[ule
Equivalent to the commutation of the following diagram on terms
s
* *
R/E R/E
t t/
+ R/E R/E
/R IR o
ul e u
v
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Confluence of conditional rewriting modulo Motivation

® Lambda calculus (3-reduction + «a-conversion) [CR36, Hin64, Hin69]
® Code optimization [ASU72, Set74]

® Rewriting-based equational reasoning
[KB70, LB77, Hue80, PS81, Jou83|

® Theorem proving modulo equations
[RW69, Sla74, RW83, Dow99, DHKO03]

® Programming languages implementing rewriting on equivalence
classes (e.g., Maude) [Mes92, Mes12, CDE*07]

® Extensions to Logically Constrained Term Rewriting Systems
[ANS24], Nominal Rewriting [FNSS25], etc.
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Confluence of Equational Generalized Term Rewriting Systems

PART 1

CONFLUENCE MODULO OF EQUATIONAL
GENERALIZED TERM REWRITING SYSTEMS
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Confluence of Equational Generalized Term Rewriting Systems Summary

@ Jouannaud and Kirchner's abstract framework

® Equational Generalized Term Rewriting Systems

© Application of Jouannaud and Kirchner's framework to EGTRSs
@ Critical and variable peaks and their conditional pairs

@ Proving and disproving confluence modulo of EGTRSs (IR )

@® E-critical and E-variable peaks and their conditional pairs

@ Proving and disproving confluence modulo of EGTRSs (IRE )
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Confluence of Equational Generalized Term Rewriting Systems

JOUANNAUD AND KIRCHNER’S
ABSTRACT FRAMEWORK
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Confluence of Equational Generalized Term Rewriting Systems Jouannaud and Kirchner's abstract framework

Church & Rosser, 1936 [CR36]

ABSTRACT REDUCTION Newman, 1942 [New42] EQUATIONAL REASONING
Hindley, 1964 [Hin64] Knuth & Bendix, 1970 [KB70]
Rosen, 1970 [Ros70] Lankford, 1975 [Lan75]
Sethi, 1974 [Set74] Lankford & Ballantine, 1977 [LB77]

Huet, 1977 [Hue77]

Peterson & Stickel, 1981 [PS81]

Jouannaud, 1983 [Jou83]

Jouannaud & Kirchner, 1986 [JK86]
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Confluence of Equational Generalized Term Rewriting Systems Jouannaud and Kirchner's abstract framework

Jouannaud [Jou83] and then Jouannaud and Kirchner [JK86] generalized
Huet's abstract framework [Hue80] J

Definitions [JK86]:

Let Hg be a symmetric relation on A

Let R and RE be reduction relations on A
Assumptions:

J&K1: ~g is HE

J&K2: _>R/E = ~E O —R O ~E

Fundamental assumption J&K3

—R € —Re C —R/E
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Confluence of Equational Generalized Term Rewriting Systems Jouannaud and Kirchner's abstract framework

S S S
t t t t t t

*%RE RE *%RE RE + *%RE RE
~ ¥ ~ % > < v
U e p fu U b g lu [ E— g lu
Local Confluence Local Coherence Local Coherence
of RE modulo E with R of RE modulo E of RE modulo E
LConfE(RE, R) LCohE(RE) LCohE(RE)

(assume SN(R/E))

Main result cf. [JK86, Theorem 5]: An E-terminating relation R is
E-confluent if

LConfg(RE,R) and LCohg(RF)
hold
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Confluence of Equational Generalized Term Rewriting Systems Jouannaud and Kirchner's abstract framework

Note: it is just a sufficient condition for E-confluence!

Let s =R £ t be Peterson & Stickel’s reduction, where s|, =g o(¢) for
some position p, rule £ — r , and substitution o such that t = s[o(r)]p.

The following ETRS [Luc26, Example 4.14]:

= f(b) (1) c > a (3)
b — d (2) c — f(d) (4)

is E-confluent, but neither LConfg(—x g, —r) nor LCohg(—x g) hold

LConfg(—r e, —>r) fails: LCohg(—r,£) fails:
a (3)(— C —>(4) f(d) f(d) (2)4— f(b) —)<(1) a
is not IR,E -joinable is not I’R,E -joinable,
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Confluence of Equational Generalized Term Rewriting Systems Jouannaud and Kirchner's abstract framework

For disproving E-confluence, use non- IR/E -joinability.

Local E-coherence peaks

S
t t/

are always IR/E -joinable (as t’ —g/g t)!
Non-E-confluence criterion

If there is a non- IR/E -joinable local E-confluence peak

S
A R
t t
then R is not E-confluent. )
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(@01 TN (RO N SR THTCT EY I E (P2 B ey W VT FRSYS T B Summary: Local confluence and coherence peaks

Let R = (F, E, R) be an Equational Term Rewriting System (ETRS)

Huet [Hue80]

Local confluence peak and Local coherence peaks

S S
/ / E /
t t t t

Critical pairs are used to investigate E-confluence

Jouannaud [Jou83], Jouannaud and Kirchner [JK86]

Local E-confluence peak and Local E-coherence peaks

S S
AEX %E}\
/ E /
t t t t

E-critical pairs are used to investigate E-confluence

V.
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Confluence of Equational Generalized Term Rewriting Systems

EQUATIONAL GENERALIZED TERM REWRITING
SYSTEMS
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Confluence of Equational Generalized Term Rewriting Systems Equational Generalized Term Rewriting Systems

An EGTRS is a tuple R = (F, M, u, E, H, R) where
® F is a signature of function symbols,
® [1is a signature of predicate symbols, including =, —, and —*
® 4 is a replacement map for F, decomposing positions as follows:
t

Active
Post(t)

A Frozen A
Pos"(t)
Besides,

® F is a set of conditional equations s = t < ¢, for terms s and t;

® His a set of definite Horn clauses A <= ¢ where A= P(ti,...,t,) for
some terms ti,...,t,, n >0, is such that P ¢ {=,—,—*}; and

® R is a set of conditional rules ¢ — r < ¢ for terms ¢ ¢ X and r.

where ¢ is a sequence of atoms.
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Confluence of Equational Generalized Term Rewriting Systems SRR EENGRE N SR uEEs

Computational relations are described by Horn theories Th and defined by

Logical consequence: Provability in Elementary Inference Systems:
ThE):S:t |_I(ThE)5:t
Thr Es—t FI(Thg) S — ¢
ps
Th’R/E ): S ﬂ; t I_I(ThR/E) S ﬂ t

Each sentence
(V)?)Al/\---/\A,,:>A

in a Horn theory Th is viewed as an elementary inference rule

Al - A,
A

in Z(Th) and vice versa

For atoms A, Th = (VX)A iff Fz(h) A [Luc25, Proposition 14] J
N E T




Confluence of Equational Generalized Term Rewriting Systems SRR EENGRE N SR uEEs

Each theory/inference system is obtained from generic sentences/rules:

Label Purpose Label Purpose

(Rf)™ < is reflexive (Tr)> D] is transitive

(Sy)™ < is symmetric (Co)™ > and then ><* is in <
(Pr)7’; > propagated in terms | (HC)aca,,....a, Clause as sentence/rule
(R.E)¢—rea,,.. A, Peterson & Stickel:

sentence: (Vx,X) x =LAALA-—-ANA, = xS r

. x=0 A - A
inference rule: 5
X=r

(R/E) Rewriting modulo:
(Vx, X, y, Y ) x=xXAX =y ANy =y=xD y

x = x' XI—>y/ y/:y
rm
X =Yy
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Confluence of Equational Generalized Term Rewriting Systems SRR EENGRE N SR uEEs

Thg defines = as an equivalence relation, congruent according to .

Predicates defined in H which are referred in E are given sentences in Thg.

Thg includes Thg and defines — as rewriting using pattern matching
against the left-hand sides ¢ of rules ¢ — r <= c in R.

Rewritings are propagated on the structure of terms according to .

Predicates referred in ¢ are given sentences in Thr using H.
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Confluence of Equational Generalized Term Rewriting Systems SRR EENGRE N SR uEEs

Given a : A< Ay, ..., An, we obtain o (resp. o) by replacing
@ any occurrence of ~ in A by =, (resp. ~m,) and
@® all occurrences of ~, — and —* in Ay,..., A, by =~ps, % and 2
(resp. ~m, ™ and ﬂ>*)

HP* and RPS (resp. H™ and R™ ) are obtained from H and R by
replacing each a € HU R by a”® (resp. o).

Thg g includes Thge and defines 2 as rewriting using E-pattern matching
against the left-hand sides ¢ of rules ac: £ — r <= c in RP* using (R,E)q.

Rewritings with 2 are propagated according to p.

Thr /e includes The and defines — by pattern matching against the
left-hand sides £ of rules £ — r <= c in R™.

Such rewritings are propagated according to u.

Then, 8 is defined as = o — o = with (R/E).
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Confluence of Equational Generalized Term Rewriting Systems [BWAVelel[{e=1afel, N SN E O oW (€ f 26H

APPLICATION OF JOUANNAUD & KIRCHNER’S
FRAMEWORK TO EGTRSS
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Application of J&K'86 to Equational Term Rewriting Systems (ETRSs):

<&
® Heis —>Z_ for E consisting of s —» tand t — s foreach s =t in E
® ~pis =g, ie., =%
E
® Ris =g

® REiss —r gt ie., Peterson & Stickel reduction [PS81]:

® s|, =g o(¢) for some rule { — r in R and substitution ¢ and
* t=so(r)]

R/E is —)R/E, i.e., =F O >R O =F

Extending J&K'86 abstract approach for ETRSs to EGTRSs?

Abstract reduction: Hg ~E —R  —RE  RJ/E

Application to ETRSs R: —>§_ =% IS = DR ORE TRJ/E
E
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Confluence of Equational Generalized Term Rewriting Systems BWAVoo][Te=yatel el [ (¢ R LN = i 36575

Problem: (J&K2) fails for EGTRSs: —% /g is not =g 0 =g 0 =¢

a = b a — ¢ a - d<b—*c
We have
e —»r={(a,c)} and
* (=g 0 —ro=g)={(ac) (b,c)}, but
* —r/e={(a,c),(b,c),(a,d), (b,d)}.

Noticed by Meseguer [Mesl17, Section 4.3]. His solution: R = RE = -5 ¢
Only R g¢—o =g, and g g¢ o HEg peaks are considered

E-confluence analysis based on ECCPs, computed by E-unification
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Confluence of Equational Generalized Term Rewriting Systems BWAVoo][Te=yatel el [ (¢ R LN = i 36575

In the CR—theoryW of an EGTRS,

goals s — t (resp s —* t)
in conditions of rules or Horn clauses
are always evaluated using — /£ (resp. —>>7"3/E).
Then,
® RO |=5=tand R® |= s 5 t remain as s =¢ t and s —9Rr/E t.

® RER |=s — t is denoted now as s —gm t.

= S c
o R® = s & tis denoted now as s —Rem E L.

Use of Jouannaud & Kirchner's framework with EGTRSs

Abstract reduction: Hg ~g —R —RE —R/E
Application to EGTRSs R: —>Z_ =E —RmM —RME —RJE
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Confluence of Equational Generalized Term Rewriting Systems MRV ERTIa {TNET EIN eyl Selel Vi [T, 1o

He as —e, and both R and RE as —zm

LCON-peak LCOH-peak Joinability

g S
/ K / X \LR’ B
t 't t/

He as —e, R as —zm, and RE as —pm g

E-LCON-peak E-LCOH-peak Joinability

S g
/ \ / \ Irm E
t 't t/
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Confluence of Equational Generalized Term Rewriting Systems

CRITICAL AND VARIABLE PEAKS
AND THEIR CONDITIONAL PAIRS
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(@0CT, Vi [T, e TN AT F O T [P 20 B S W EW T PSS e S LCON-peaks and LCOH-peaks as conditional pairs

The peak
s
2 X
tp 2t

@ is a local confluence peak, if a1, a0 € R™
@ is a local coherence peak, if either

<&
@ o € R™and ap € E or
<
® a; €Eanda; € R™

If p1 || p2, then t; and ty are trivially IR -joinable J
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(@0CT, Vi [T, e TN AT F O T [P 20 B S W EW T PSS e S LCON-peaks and LCOH-peaks as conditional pairs

LOCAL CONFLUENCE PEAKS
AS

CONDITIONAL CRITICAL PAIRS
OR

CONDITIONAL VARIABLE PAIRS
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(@1cT 1 [T, TSWeY il L TTERATST E S T [P 20 R Y W EWT G - SYS  E LCON-peaks. Critical Peaks and Conditional Critical Pairs

LCON critical peaks (v € R™, with o/ € R™ overlapping o) J

Fora:l—r<cd :l' -r < e€R™andpe Pos'z({)

(O]a()]p

| A o Pessct)
a()[o(r)]p

/i / \
/AN

Conditional Critical Pairs CCP(R)
Tapa - (O(O[0(r)]p, 0(r)) < 0(c),0(c) where /|, =} ¢ J
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(@1CT, Vi [T, TSWeY i L TTEN AT E NS T [P 2 R R W EW G -SYS e  LCON-peaks. Variable Peaks and Conditional Variable Pairs

LCON variable peaks (o, o/ € R™, no overlap)
Fora:l—r<cd :l'—=r < eR™and p¢ Posz(() J
[a (N)]p
q € Posk (£
p € Post(s
(O)[o(r / \
a(e)) o)
Conditional —-Variable Pairs CVP™(R)
Taxq ' X g 1) < x =X c x € Vart(l), q € Posk(¢), x' fresh J
For Equational TRSs, these CVPs are | -joinable, cf. [Hue80] ]
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Confluence of Equational Generalized Term Rewriting Systems LCON-peaks. Variable Peaks and Conditional Variable Pairs

[Luc26, Proposition 8.3(1)]
Let R = (F,M,u, E,H,R) be an EGTRS. Then,

—rrm is locally confluent modulo E with —zm

iff all conditional pairs in

CCP(R)UCVP™(R)

are |gpm -joinable.
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Confluence of Equational Generalized Term Rewriting Systems LCON-peaks. Variable Peaks and Conditional Variable Pairs

LOCAL COHERENCE PEAKS
AS

CONDITIONAL CRITICAL PAIRS
OR

CONDITIONAL VARIABLE PAIRS
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Confluence of Equational Generalized Term Rewriting Systems LCOH-peaks. Critical Peaks and Conditional Critical Pairs

LCOH critical peaks (o« € R™, with o/ € E overlapping «)

o
Fora:l—r<ceR™ o ' -1 «<c €EandpePosi(l)

(O)[e()]p

| A p € Poslt(t
a(O)[o(r)]p
/i / \
AN

Conditional Critical Pairs CCP(R, E) J

Tapar - (O(O[O(F)]p, 0(r)) < 0(c),0(c") where ], ={ ¢'
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(@013 TR N =BT FY NI E P Ry WAL FRSYS T B LCON-peaks. Variable Peaks and Conditional Variable Pairs

LCOH variable peaks (v € R™ and o' € E no overlap)

Fora:£—>r€72,a’:@’—>r'€§andp¢?os;(£)

[U () )lp
q € Post (£
p € Post(s
a(O)e ()],
Conditional -Variable Pairs CVP™(R)
Mg - ({X]q, ') = xH X, ¢ x € Vart(l), q € Post({), x' fresh }

For Equational, left-linear TRSs, these CVPs are | -joinable, cf. [Hue80] J
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Confluence of Equational Generalized Term Rewriting Systems LCON-peaks. Critical Peaks and Conditional Critical Pairs

LCOH critical peaks (a € E with o/ € R™ overlapping «)

o
Fora:l—r<ceE ol -1 «<c eR™and pe Posi(l)

(O)[e()]p

| A p € Poslt(t
a(O)[o(r)]p
/i / \
AN

Conditional Critical Pairs CCP(E,R) J

Tapar - (O(O[O(F)]p, 0(r)) < 0(c),0(c") where ], ={ ¢'
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(@1CT, Vi [T, TSWeY i L TTEN AT E NS T [P 2 R R W EW G -SYS e  LCON-peaks. Variable Peaks and Conditional Variable Pairs

LCOH variable peaks (« € E and o € R™, no overlap)

Fora:£—>r<:ceé,o/:@’—>r’<:c’e72""andpQ_fPosg_-(E)

[or (N)]p

.
/ N

a(¢) a ()

Conditional —-Variable Pairs CVP~ (E)

Tarxg ' X g 1) <= x— X c x € Vark(l), q € Posk({), x' fresh

J

For Equational TRSs, these CVPs are |, -joinable, cf. [Hue80]

J
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Confluence of Equational Generalized Term Rewriting Systems LCON-peaks. Variable Peaks and Conditional Variable Pairs

[Luc26, Proposition 8.3(2)]
Let R = (F,M,u, E, H,R) be an EGTRS. Then,

—grm is locally coherent modulo E

iff all conditional pairs in

CCP(R, E) U CCP(E,R) UCVP~ (E) UCVP™(R)

are I;zsrm—joinable (or IR,,” -joinable if R is E-terminating)
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Confluence of Equational Generalized Term Rewriting Systems

E-CONFLUENCE AS |gm -JOINABILITY
OF

CCPs anD CVPs
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Confluence of Equational Generalized Term Rewriting Systems E-Confluence as Ier -joinabilty of CCPs and CVPs

Arulel > r<«<cis
® ,-left-linear if no active variable occurs twice in ¢
® ,-left-homogeneous if no active variable in £ is frozen in ¢

® -compatible if no active variable in £ is frozen in r and no active
variable in £ occurs in ¢

Joinability of CVPs for conditional rules « € R™ and 8 € E
If « and § are left u-homogeneous and p-compatible, then

CVP Joinable with

O drm

T Trem

WQH’XVP Ier , if ais p-left-linear
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E-Confluence as Ier -joinabilty of CCPs and CVPs
Theorem (E-Confluence of EGTRSs R using | xm -joinability)
@ An E-terminating EGTRS R is E-confluent if all pairs in

CCP(R) U CVP™ (R)UCCP(R, E) UCVP™(R)UCCP(E,R)UCVP (E)
LCON-peaks LCOH-peaks

are Ier -joinable.

® An E-terminating left-linear ETRS R is E-confluent if all pairs in
CP(R)UCP(R,E)UCP(E,R)

are pm -joinable [Hue80, Theorem 3.3].

Theorem (Non-E-confluence of EGTRSs R)

If there is a non- IR/E -joinable m € CCP(R) U CVP(R) then R is not
E-confluent.

v
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E-Confluence as Ier -joinabilty of CCPs and CVPs (Example)
s(s(x)) =x<=x>s(0) (5) test(x) — pev(x) < x =s(s(0)) (8)
x>0 (6) test(x) — odd(x) < x=5s(0) (9)
s(x) >s(y) x>y (7) test(x) — zero(x) = x=0 (10)

CCP(R) = (: iCCPs |r-joinable (2-rules!); pCCPs infeasible; e.g.,

T(8),A,(9) : {0dd(x), pev(x)) <= x = s(s(0)), x = s(0)
CVP7(R) = (): —-CVPs of R are infeasible; e.g.,
Ty - (test(x'), pev(x)) < x = X', x = 5(s(0))
CCP(R, E) = 0: all CCPs are infeasible; e.g.,

G (5(s(x); pev(x)) = x = 5(s(0)), test(x) > s(0)

e CCP(E,R) =0: no rule in R overlaps any rule in E.
CVP7(E) = 0: —-CVPs of E are infeasible.
CVP™(R) consists of iR -joinable CVPs (see [Luc26, Example 8.5]).

Being clearly E-terminating, R is proved E-confluent

Salvador Lucas Confluence of EGTRSs and Maude WRLA 2026, April 11-12 41/109

1



Confluence of Equational Generalized Term Rewriting Systems

LIMITATIONS OF |gm -JOINABILITY
OF

CCPs anD CVPs

4
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Confluence of Equational Generalized Term Rewriting Systems Limitations of IR -joinability of CCPs and CVPs

As for the running example, R™ coincides with R, i.e.,

0+ n— n <= Nat(n) (11)

s(m) + n — s(m+ n) <= Nat(m), Nat(n) (12)

0% n — 0 < Nat(n) (13)

s(m) x n — s(m* n) + n < Nat(m), Nat(n) (14)
prod(n) — n < Nat(n) (15)
prod(n -++ ns) — n* prod(ns) < Nat(n), ListN(ns) (16)

We have that 7T(16)’17(17) € CCP(E,R), i.e.,
(prod((xs ++ ys) ++ zs), xs * prod(ys ++ zs)) < Nat(xs), ListN(ys ++ zs)

is not |pm -joinable: o = {xs 0, ys 0, zs — 0} satisfies Nat(xs) and
ListN(ys ++ zs). However, o(prod((xs 4+ ys) ++ zs)) and
o(xs * prod(ys ++ zs)) are not |y -joinable.

v

E-confluence cannot be proved. We prove R is E-confluent below. )
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Confluence of Equational Generalized Term Rewriting Systems

E-CRITICAL AND E-VARIABLE PEAKS
AND THEIR CONDITIONAL PAIRS

44
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(@1CT, Vi [T, LWyl TR AT E NS T [P 2 R R W EW G SYS e  E-LCON-peaks and E-LCOH-peaks as conditional pairs

The following peak, where ai; € R™,

S
S

@ is a local E-confluence peak, if ap € R™

<&
® is a local E-coherence peak, if ap € E

If p1 || p2, then t; and t, are trivially IR’E -joinable J
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(@1CT, Vi [T, LWyl TR AT E NS T [P 2 R R W EW G SYS e  E-LCON-peaks and E-LCOH-peaks as conditional pairs

LocAL E-CONFLUENCE PEAKS
AS
LoGic-BASED CONDITIONAL CRITICAL PAIRS
OR
CONDITIONAL VARIABLE PAIRS
OR

DowN CONDITIONAL PAIRS
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E-confluence as i‘R,E SINELIHAATRCIE AN EINEEMN  E-LCON-peaks: E-critical peaks and Logic-Based CCPs

LCON E-critical peaks (o € R™, with o/ € R™ E-overlapping o) J

Fora:l—r<cd l' —wr<cdeR™ pePosy(l), w=go(l)

a(O)[wlp

a(O)[a(r)]p I}K\ o o(r)
A /N
/N

o

Logic-Based Conditional Critical Pairs LCCP(R)
Wé?,il;/ ([ p,r) = lp=1c,c }
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E-confluence as i‘R,E SEELINAAT RN ENETESN  E-LCON-peaks: E-Variable Peaks and Conditional Variable Pairs

LCON E-variable peaks (o, o' € R™, no E-overlap)
Fora:l—r<cd l' —r<cdeR™ p¢Posi(l), w=go(l') J
0’(5)[W]p
q € Post (£)
p € Post(s)
a(O)[o(r)]p \\ a(r)
o' E
Conditional Z-Variable Pairs CVPE’(R)
;Xq (U[xXgry =x B X ¢ x € Var* (), q € Post({), x fresh
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E-confluence as i‘R,E SENELI AT RIS E-LCON-peaks: E-down peaks and Down Conditional Pairs

LCON E-down peaks (aw € R™ and root PS-step with o/ € R™)
Fora:l—r<cd: V' -r<deR™ p>NA wlo()], =) J

wlo(0)]p 7
i E / W[i
o \
(1)

Down Conditional Pairs DCP(R)

>A
T (X)) ex =0 ,x = X',
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E-confluence as i‘R,E SENELI AT RIS E-LCON-peaks: E-down peaks and Down Conditional Pairs

[Luc26, Theorem 10.2(1)]
Let R = (F, M, u, E, H, R) be an EGTRS. Then,

—gm g is locally confluent modulo E with —gm

iff all conditional pairs in

LCCP(R) U CVP™(R) U DCP(R)

are |pm g -joinable.
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E-confluence as i‘R,E SINELINAATRCIE AN ENEEMN  E-LCOH-peaks: E-critical peaks and Logic-Based CCPs

LocAL E-COHERENCE PEAKS
AS
LocGic-BASED CONDITIONAL CRITICAL PAIRS
OR

CONDITIONAL VARIABLE PAIRS
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E-confluence as i‘R,E SINELINAATRCIE AN ENEEMN  E-LCOH-peaks: E-critical peaks and Logic-Based CCPs

LCOH E-critical peaks (a € E with o/ € R™ E-overlapping «)

Fora:é—)r@ceg, o M —r<d eR™ pePos(l), w =g o(l)

a(0)[wlp
ﬁ p € Postz(£)
) A\
e AN A
AN
Logic-Based Conditional Critical Pairs LCCP(E, R)
7'('3?5;, [ p,r) = lp=1c,c where p > A J
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E-confluence as i‘R,E SEELI GRS RN EIANEINEESN  E-LCOH-peaks. E-Variable Peaks and Conditional Variable Pairs

LCOH E-variable peaks (o € E o' € R™, no E-overlap)

Fora:l —r<cek, o N —r<=deR™ p¢Pos(l), w=g o(l)

a(£)[w],,

p € Post(s)
a(O)[o(r)]p
/A / \ \
I\

Conditional 23-Variable Pairs CVPg(E)
Taxg: (X g 1) <= xB X c x € Vark(l), g € Posk(¢), x' fresh
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E-confluence as i‘R,E -joinability of conditional pairs E-LCOH-peaks: E-down peaks are I‘R,E -joinable

LCOH E-down peaks (o € £ and root PS-step with o/ € R™)
Fora:l—r<cd ' 5r<=cdeR™ p>NA wlo)], =)
wlo(€)]p
o(r") wlo(r)]
i \/ a(6) \
a(r)
Always |z g-joinable
o(r') aré=a(t') =g w[o(0)]p 14— wlo(r)]p J
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E-confluence as i‘R,E -joinability of conditional pairs E-LCOH-peaks: E-down peaks are IR,E -joinable

[Luc26, Theorem 10.2(2)]
Let R = (F,M, u, E, H, R) be an EGTRS. Then,

—grm g is locally coherent modulo E

iff all conditional pairs in
LCCP(E,R) U CVP™ (E)

are I;zsrm,,:——joinable (or IRm,’E -joinable if R is E-terminating)

Salvador Lucas Confluence of EGTRSs and Maude WRLA 2026, April 11-12 55 /109



E-confluence as |z g -joinability of conditional pairs

E-CONFLUENCE AS |gm g ~JOINABILITY
OF

LCCPs, CVPs, anD DCPs
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E-confluence as i‘R,E -joinability of conditional pairs E-LCOH-peaks: E-down peaks are IR,E -joinable

Arulel - r<cis

® ,-left-homogeneous if no active variable in £ is frozen in ¢

® u-compatible if no active variable in £ is frozen in r and no active
variable in ¢ occurs in ¢

Joinability of CVPs for conditional rules o € R™ and 3 € Z:

If @ and 3 are left y-homogeneous and p-compatible, then

CvP Joinable with
ps P
—
7Toz,x,p \J/R,’"’,E
ps ~
ﬁ
ﬂ—BaX»p \I/er’E
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E-confluence of EGTRSs by lvR‘rmvE -joinability Results

Theorem (Confluence of EGTRSs R by IR,,",E -joinability)

R is E-confluent if it is E-terminating and one of @ or @ holds:

@ all conditional pairs in the following set are Ier,E -joinable:
LCCP(R) U CVP™ (R) ULCCP(E,R) UCVP ™ (E)

<
® RU E is p-left-homogeneous and ji-compatible and all conditional
pairs in the following set are |grm g -joinable:

LCCP(R) ULCCP(E, R)

Theorem (Non-E-confluence)

If there is a non- IR/E -joinable m € LCCP(R) U cvp™ (R)UDCP(R),

then R is not E-confluent

Subsumes non- IR/E -joinability of 7 € CCP(R) U CVP(R)

v

J
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E-confluence of EGTRSs by L Rrm_g -joinability

E-CONFLUENCE OF THE RUNNING EXAMPLE
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E-confluence of EGTRSs by I,erf -joinability E-confluence of the running example: LCCP(R)

As for the running example, R™ coincides with R, i.e.,

0+ n— n < Nat(n) (
s(m) + n — s(m+ n) <= Nat(m), Nat(n) (
0% n — 0 < Nat(n) (

s(m) x n — s(m* n) + n < Nat(m), Nat(n) (14)
prod(n) — n <= Nat(n) (
prod(n 4+ ns) — n* prod(ns) <= Nat(n), ListN(ns) (

LCCP(R) = 0 as all conditions {|, = ¢', c, ¢’ for m; 7", obtained from
LCCP

a:l—r<ca 0l —r < c €R™ are infeasible. E.g., T(15) A (16)°
(n'xprod(ns’), n) <= prod(n) = prod(n’ ++ ns"), Nat(n), Nat(n'), ListN(ns")
is infeasible: if o(prod(n)) =g o(prod(n’ ++ ns’)) holds, then

o(n) =g o(n’ ++ ns'), i.e., root(a(n)) is 4+, and o(Nat(n)) does
not hold.

v
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E-confluence of EGTRSs by | xrm g -joinability E-confluence of the running example: CVPS (R)

Variables in atoms A of the conditional part ¢ of rules { — r < c € R of
the running example

0+ n — n < Nat(n) (11)

s(m) + n — s(m+ n) <= Nat(m), Nat(n) (12)

0% n — 0 < Nat(n) (13)

s(m) * n — s(mx n) + n < Nat(m), Nat(n) (14)
prod(n) — n < Nat(n) (15)
prod(n -++ ns) — n* prod(ns) < Nat(n), ListN(ns) (16)

are all preserved under — g-reductions in the sense of [Luc24b, page 17].
By [Luc24b, Proposition 61(2)], all CVPs in cvp? (R) are | g g-joinable.
For instance,

7r(p_ls>5)7n,1 - (prod(n’), n) <= n B ', Nat(n)

is |z e-joinable because Nat(n) is preserved under —x g-reductions: if
Nat(s) holds for some term s, and s —x g t, then Nat(t) holds as well.

v
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E-confluence of EGTRSs by I.erf -joinability E-confluence of the running example: LCCP(E, R)

The rules in £= {(1), (1)} = {(17), (18)} are

xs ++ (ys ++ zs) — (xs ++ ys) ++ zs (17)
(xs ++ ys) ++ zs — xs ++ (ys ++ zs) (18)

LCCP(E,R) = 0 as all positions p > A in the left-hand sides of rules (17)
and (18) are frozen. J
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E-confluence of EGTRSs by I'R rm g -joinability

&
All variables in rules of E:

xs ++ (ys ++ zs) = (xs ++ ys) ++ zs (17)
(xs ++ ys) ++ zs — xs ++ (ys ++ zs) (18)

are frozen. Hence, CVPE’(E) =0.

63
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E-confluence of EGTRSs by | xrm g -joinability E-confluence of the running example: proof

After removing sorts and replacement restrictions, we obtain a TRS R

O+n—n 19
s(m)+n— s(m+ n) 20
0xn—0 21

s(m)xn—s(mxn)+n
prod(n) — n
prod(n 4++ ns) — n x prod(ns)

where ++ is associative. The A-termination of R can be proved by using

AProVE or MU-TERM. Since —x /g C —~R/A ‘R is E-terminating.

Since all conditional pairs in
LCCP(R) U CVP™ (R) U LCCP(E,R) U CVP™ (E)

are IR,E -joinable and R is E-terminating, E-confluence of R follows.

v
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E-confluence of EGTRSs by lR rm g -joinability

DCPS IN PROOFS OF NON-E-CONFLUENCE
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E-confluence of EGTRSs by lnrmf SELELINAAY  E-confluence of the running example: proof

DCPs in proofs of non-E-confluence
Consider the ETRS R [Luc24a, Example 14]:

b = f(a) (25)
a = ¢ (26)
c — d (27)
b — d (28)

All pairs in LCCP(R) are trivial, i.e., joinable. And CVPE)(’R) = (). But

DCP . / o >Ny
Tog) : (d, X)) < x=b,x — x

is not IR/E -joinable: o = {x — f(c), x" > f(d)} satisfies x = b, x N
but d and o(x’) = f(d) are not R/E-joinable.

Thus, R is not E-confluent

v
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E-confluence of EGTRSs by lR rm g -joinability

LIMITATIONS OF |gm g -JOINABILITY
OF

LCCPs, CVPs, anD DCPs
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E-confluence of EGTRSs by lvR‘rmvE -joinability Limitations of IR -joinability of CCPs and CVPs

The previously discussed ETRS [Luc26, Example 4.14]:

is E-confluent, but neither LConfg(—x g, —r) nor LCohg(—x g) hold

LConfg(—r e, =) fails: LCohg(—r,k) fails:
a@ ¢ ) fd) f(d) o f(b) —<m)a
is not IR,E -joinable is not IRJ:— -joinable

(but a =g f(b) —(2) f(d))

Future work
Improve the analysis of E-confluence by using other approaches
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Application to Rewrite Theories and Maude

PARrT 11

APPLICATION TO REWRITE THEORIES
AND MAUDE
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Application to Maude functional modules BT\ ETR%

® Maude functional modules

® Maude functional modules as EGTRSs

©® Maude functional modules as EGTRSs: mismatches
O Maude system modules

©® Maude system modules as EGTRSs

® Maude system modules as EGTRSs: mismatches

@ Related work
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Application to Maude functional modules

MAUDE FUNCTIONAL MODULES
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N T T Rl VPO R TR B Mater MM [CDE " 07, Chapter 4] and [DEE* 20, Section 2]

M = (X,MUBUE) is a Maude functional module, where:

@ X is a signature;
® M is a collection of (possibly conditional) memberships;
© B is a collection of (unconditional) equational axioms;

O E is a collection of (possibly conditional) equations.
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Application to Maude functional modules Maude functional modules: Signature

Y is a signature consisting of:

@ a set S of sorts (or types),

@® a subsort ordering relation <: s < s’ means that s is a (strict)
subsort of s’. Tuples: s1---s, <sj---s/ iff 5; < forall1<i<n.

© ranked function symbols f : w — s with w = s1 - - - 5, for some k > 0,
denoted f € ¥ s;

@ operator evaluation strategies ¢(f) for k-ary functions f as sequences
of numbers 0, ..., k. E.g., for if_then_else_itis (1 0 2 3 0).

Top sort

(S, <) may contain a greatest element, i.e., a top sort T € S such that for
allse S, s < T.

Overloading

Function symbols can be overloaded, i.e., f € ¥,, s N X, s, provided that
w < w' implies s < s’ (monotonicity condition [GM92])
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Application to Maude functional modules Maude functional modules: Memberships

M is a set of (possibly conditional) memberships t : s <= ¢ where
® tisa term,

® s is a sort,
® ¢ consists of

® membership statements ¢; : s; and/or
® equational goals, which can be of three types:
@ ordinary equations u = v,
@® matching equations p :=t,
© abbreviated Boolean equations of the form t (instead of t = true).
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Application to Maude functional modules Maude functional modules: Axioms

B is a collection of (unconditional) equational axioms satisfied by some of
the (infix) binary operators @ : ss — s in X for some s € S:

® associativity: x® (y®z)=(xDdy) ® z,

® commutativity: x®y =y B x,

® idempotency: x P x = x

o (left/right) identity w.r.t. some term t: t & x =x / x® t = x.

These axioms are associated to particular binary symbols as operator
attributes
assoc, comm, idem, and (left/right) id:

in the signature declaration.
For instance
op _+_ : Nat Nat -> Nat [assoc]

establishes the addition operator as associative.

Salvador Lucas Confluence of EGTRSs and Maude WRLA 2026, April 11-12 75 /109



Application to Maude functional modules Maude functional modules: Equations

E is a collection of (possibly conditional) equations: u = v < ¢, where
® y and v are terms of the same kind or connected component [s] for
some s € S,
® ¢ consists of

® membership statements t; : s; and/or
® equational goals, which can be of three types:
@ ordinary equations u = v,
@® matching equations p :=t,
© abbreviated Boolean equations of the form t (instead of t = true).

Equations as rewrite rules
Conditional equations u = v <= c in E are used as left-to-right rewrite
rules u — v < c to evaluate terms.

Furthermore, such equations are sort decreasing, i.e., for all substitutions o
Is(o(u)) > Is(o(v)), where, given a term t, Is(t) is the least sort of t.
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Application to Maude functional modules

MAUDE FUNCTIONAL MODULES AS EGTRSs
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N T T Rl VPO R TR B Mater MM [CDE " 07, Chapter 4] and [DEE* 20, Section 2]

Translating Maude functional modules
M = ((Sa S,ZWGS‘*'?()O)v MU BU E)
into an EGTRSs

R = (Fat, Ot piats Eart, Ha, Raa)
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Application to Maude functional modules Encoding the Signature X

@ Fq includes a function symbol f for each f € ¥, c5+.

@® [ includes predicates Ps/; for each s € S.

© I includes _ | _ if equations are used in the conditions of equations.

@ s given by pp(F) = {i € o(f) | i > 0}

@ Hyy includes Py (x) < Pg(x) for each subsort statement s < s’ if &’
is a non-top sort.

@ Hyy includes Ps(f(xi,...,xk)) < Ps(x1), ..., Ps (xk) for each
fisi sk = sin X. Ps(x;) is included only if s; is a non-top sort.

Encoding the signature of ListsP
* Fm={ 0, sp, -++-, -+, -x, prody }
© I_IM = { Nat/]_7 LIStN/l }

® pm(++) =0 p(s) = p(+) = p(x) = p(prod) = {1}
® Hy, includes the following clauses:

ListN(xs ++ ys) Nat(m + n) <= Nat(m), Nat(n)
Nat(0) Nat(m  n) <= Nat(m), Nat(n)
Nat(s(n)) < Nat(n) Nat(prod(xs))

’
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Application to Maude functional modules Encoding Memberships M

@ [ includes a a binary predicate _ | _ if ordinary equations are used
in the conditional part of memberships.

® Hy, includes Ps(t) < ¢’ for each t : s <= c in M, where ¢’ is obtained
from ¢ by
@ adding Ps(x) for each variable x of a non-top sort s occurring in t or c;
@ replacing t’ : s’ in ¢ by Py/(t');
© replacingu=vinc, byul v,
@ replacing p:=tinc, by t = p, and
@ replacing abbreviated boolean equations t in ¢, by t —* true.

©® Hyq includes Pg(x) <= x — y, Ps(y), where x and y are variables, for
each s € S with a membership t : s <= ¢ (Subject reduction rules).

O Hpq includes x | y <= x —* z, y —* z if ordinary equations are used
in the conditional part of memberships.
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Application to Maude functional modules Encoding Axioms B

Let Br be the set of equations associated to all attributes assoc, comm,
etc., for f. Then, B = ;.5 Br. Accordingly,

Enis B’

where each u = v € B, with variables x; of sort s;, becomes u = v < c in
B’, where c includes an atom Pg(x;) if s; is a non-top sort.

Encoding the axiom of ListsP
Since ++ : ListN ListN — ListN and ListN is the top sort of (S, <),

Enm = {xs ++ (ys ++ zs) = (xs ++ ys) ++ zs}

Functional modules as GTRSs
If B =0 (no axioms are used), then R is a GTRS. Thus,

existing methods and tools for proving confluence and termination of
GTRSs (CONFident and MU-TERM-GTRS) apply to functional modules.

o
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Application to Maude functional modules Encoding Equations E

@ [, includes a a binary predicate _ | _ if ordinary equations are used
in the conditional part of equations in E.

® Hyq includes x | y <= x —* z, y —* z if ordinary equations are used
in the conditional part of equations in E.
©® R\ consists of rules £ — r < ¢’ for each { = r < c in E, where ¢’ is
obtained from ¢ by
@ adding Ps(x) for each variable x of a non-top sort s occurring in ¢, r,
or ¢;
@ replacing t : s in ¢ by Py(t);
© replacing u=vinc, by ul v;
@ replacing p:=tin c, by t —* p; and
@ replacing abbreviated boolean equations t in ¢, by t —* true.

Encoding the equations of ListsP
® Ry consists of the following rules:

0+ n — n < Nat(n) s(m) * n — s(m x n) + n < Nat(m), Nat(n)
s(m) + n — s(m + n) < Nat(m), Nat(n) prod(n) — n <= Nat(n)
0% n — 0 < Nat(n) prod(n 4++ ns) — n * prod(ns) <= Nat(n)
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Application to Maude functional modules

MAUDE FUNCTIONAL MODULES AS EGTRSSs:

MISMATCHES
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Application to Maude functional modules Frozen associative symbols have different equivalence classes

fmod AddPalindromes is var ns : ListN .
sorts Nat Pal ListN . mb n ++ n : Pal .
subsorts Nat < Pal < ListN . mb n ++ p ++ n : Pal .
op _++_ : ListN ListN -> ListN eq 0O +n=n.
[strat (0) assoc] . eq s(m) + n = s(m + n)
op O : -> Nat . eq double(0) = 0 .
ops s double : Nat -> Nat . eq double(s(n)) = s(s(double(n)))
op _+_ : Nat Nat -> Nat . eq sum(n) = n .
op sum : ListN -> Nat . eq sum(n ++ n) = double(n)
vars m n : Nat . eq sum(n ++ p ++ n) = double(n) + sum(p)
var p : Pal . endfm

Maude> red sum((0 ++ s(0)) ++ (s(0) ++ 0))

result Nat: s(s(0))

In the EGTRS encoding, this is not possible:

sum((0 ++ s(0)) ++ (s(0) ++ 0)) =4 sum(0 ++ (s(0) ++ (s(0) ++ 0)))
#a sum(0 4+ ((s(0) + +s(0)) ++ 0))

The last step fails due to u( ++) = 0.
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Application to Maude functional modules Frozen associative symbols have different equivalence classes

If replacement restrictions are desirable, we can avoid modifying
equivalence classes (for associativity, commutativity, etc.) by adding

conditional (propagation) equations

x®y=xX0y & x=x
xoy=xoy < y=y

to the E component of R4 for operators & endowed with

empty strategies strat (0).
In the case above, we add

X—H—y:X'—H-y < x=x
x+Hy=x+ty < y=y
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Application to Maude functional modules Frozen subterms rewritten in associative symbols

fmod Example is

sort S .

opO0: ->8.

ops :S->8.

op _+_ : S 8 -> 8 [strat (0) assoc]

var x : S .
eq 0 + x =x .
endfm

Maude> set trace on .

Maude> red (s(0) + 0) + O .

reduce in Example : (s(0) + 0) + O .
*kckkkkkkokkk equation

eq 0 + x =x .

x —=> 0

s(0) + 0+ 0

-—=>

s(0) + 0

result S: s(0) + O

Frozen subterm 0-+0 is rewritten!

J

Salvador Lucas Confluence of EGTRSs and Maude

(REPLACEMENT-MAP
+)
)
(VAR x y 2)
(EQUATIONS
x+(y+2z)=(Gx+y +z
)
(RULES
0+x ->x

)
s(0) + (0 +0) is =g E-irreducible:
s(0) 4+ (0+0) =4 (s(0) +0)+0

However, 0 + x — x does not apply
to any of them
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PAVCT [TETATeT I F M V ETTS SR TS BTNV NI Treating equations in conditions by joinability to normal forms

fmod ExampleA is

sort S .

ops abc: ->8S.
opf :8->8.
eq a=c.

eq f(c) = a .

eq b=c .

ceq b = a if a = £(b)
endfm

Maude> red b .
reduce in ExampleA : b .

result S: c

fmod ExampleB is
sort S .
ops abc: ->8S.
opf :8->8.
eq a=c.
eq f(c) = a .
ceq b = a if a = £(b)
eqg b =c .
endfm

Maude> red b .
reduce in ExampleB : b .

Fatal error: stack overflow.
This can happen because you have
an infinite computation,

ExampleB is as ExampleA up to permutation of the last two rules

® Both are confluent and terminating; a and f(b) are normalized into c.

e Condition a = f(b) is treated by joinability to normal form, but fails

® Rules are attempted in the order they are written.
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VAV [TEN AT T MM\ ETIT ERTTT TSI EIN L TIEEM  Joinability of conditions using rewriting modulo

fmod EqConditions is fmod EqConditionsIDEM is
sort S . sort S .
ops 01 2 : ->8S . ops 01 2 : ->8 .
opf :S->8. opf :8->8.
op _*+_ : S 8-> 8 [assoc] . op _+_ : S S -> S [assoc idem]
var x : S . var x : S .
eq 0+0=0. eql +0+1=2.
eql +0+1=2. ceq f(x) =xif (1 +x) + (x+ 1) =2 .
ceq f(x) = x if (1 +x) + (x + 1) = 2 . endfm
endfm
Maude> red £(0) . Maude> red £(0)
reduce in EqConditions : £(0) . reduce in EqConditionsIDEM : £(0)
result S: 0 result S: £(0)

Evaluating (1 + 0) + (0 + 1) using —p/g:

(14+0)+(0+1) =4 1+(0+(0+1)) (1+0)+(0+1) =A 1+ (04 (0+1))
=4 14+(0+0)+1 =A 1+(0+0)+1
— 1+4+0+4+1 =ldem 1+0+4+1
- 2 — 2
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Application to Maude system modules

MAUDE SYSTEM MODULES

89
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N T Rl VT VS T8l [CDE * 07, Chapter 6] and [DEE 20, Section 3]

M=(X,MUBUE,R,¢)is a Maude system module, where:
@ X is a signature;
® M is a collection of (possibly conditional) memberships;
© B is a collection of (unconditional) equational axioms;
O E is a collection of (possibly conditional) equations;
@ R is a collection of (possibly conditional) rewrite rules; and

® ¢ is a frozenness map.
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Application to Maude system modules Additional components of Maude system modules

System modules embed a functional module

If M =(X,MUBUE,R,¢) is a Maude system module, then
(X,MUBUE) is a functional module.

Besides,
® R is a collection of (possibly conditional) rules: ¢ — r <= ¢, where

® / and r are terms of the same kind.
® ¢ consists of

® memberships t : s and equational goals u = v as in functional modules;
also
® rewriting goals u — v which become reachability goals o(u) = o(v)
for some (matching) substitution o.
® ¢ is a mapping that, for each k-ary symbol f € ¥, returns the subset
o(f) C{1,...,k} of frozen arguments of f, on which rewriting with
rules is forbidden.
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Application to Maude system modules

MAUDE SYSTEM MODULES AS EGTRSs
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Application to Maude system modules Encoding Rules R

@ 1 is given by pua(f) ={1,..., k} — ¢(f) for each k-ary f € L.

What about evaluation strategies ¢? J

® R consists of rules / — r < ¢’ foreach{ — r<ce Eu R, where
c’ is obtained from c by

@ adding Ps(x) for each variable x of a non-top sort s occurring in ¢, r,
or ¢;

@ replacing t : s in ¢ by Py(t);

© replacing u=vinc, by ul v;

@ replacing p:=tin c, by t —* p; and

@ replacing abbreviated boolean equations t in ¢, by t —* true.

@ replacing u = vinc, by u =% v.

Are rules from E and rules from R used in the same way? J
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Application to Maude system modules

MAUDE SYSTEM MODULES AS EGTRSS:

MISMATCHES
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VTS [TEN AT oMY ETIT REVE T WV L TSI Specification of equations in system modules

mod Example is mod ExampleBis is
sort S . sort S .
ops abcd: ->8S. ops abcd: ->8.
opf :8->8. opf :8->8.
eq a = f(b) . eq f(b) = a .
rl b=>4d. rl b=>d.
rl ¢ => a . rl c => a .
rl ¢ => £(d) . rl ¢ => f£(d)
endm endm
Maude> search c =>! Y:S . Maude> search c =>! Y:S .
search in Example : c =>! Y:S . search in ExampleBis : c =>! Y:S .
Solution 1 (state 2) Solution 1 (state 1)
Y:S -—> £(d) Y:S --> a

Solution 2 (state 2)

YiS —-> £(a)

Can be proved confluent ) Confluence can be disproved )
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Application to Maude system modules Mixing evaluation strategies and frozenness in system modules

mod StratFrozen is
sort S .
op 0 : ->8 .
ops:S8S->8.
op _+_ : 88 ->38
[strat (1 2 0) frozen]
var x : S .
eq 0 + x =x .
rl s(x) => x .
endm

Maude> rew 0 + (s(0) + 0)
rewrite in StratFrozen :

result S: s(0) + 0O

Maude> red 0 + (s(0) + 0)
reduce in StratFrozen :

result S: s(0) + 0O

mod StratFrozen2 is
sort S .
op 0 : ->8 .
ops:8->8.
op _+_ : 88 ->8
[strat (1 2 0) frozen]
var x : S .
rl 0 + x =>x .
eq s(x) = x .
endm

Maude> rew 0 + (s(0) + 0)
rewrite in StratFrozen2 :

result S: O

Maude> red 0 + (s(0) + 0)
reduce in StratFrozen2 :

result S: 0 + (0 + 0)

using rules from E or from R

The use of evaluation strategies and frozenness annotations depends on J
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Application to Maude system modules Equations and rules in evaluation of conditions (1)

mod TEST-E is

sort S .

opa: ->38.
opb: ->8S .
opc: ->8S.
opf :S->8.
var X : S .

eq a = f£(b)

rl b =>c .

crl b => X if a => X .
endm

Maude> search [4] b =>* Y:S .
b =>% Y:S .

search [4] in TEST-E :
¥:S --> b

Y8 —> ¢

Y:S > £(b)

YS -—> £(c)

v

mod TEST-R is

sort S .
opa:->38.
opb: ->8S .
opc: ->8S.
opf :S->8.
var X : S .

rl a => f(b)
rl b =>c .

crl b => X if a

endm

> X .

Maude> search [4] b =>* Y:S .

search [4] in TEST-R :

Y:S --> b

Y:S --> ¢
Y:S —--> a
Y:S --> £(b)

b =>% Y:S .

4

Evaluation of expressions (also in conditions of rules) uses —>i§B °© —R,B J
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Application to Maude system modules

mod TEST is
sort S .
ops abcd: ->8 .
var X : S .
eq a=>b.
rl a=>c .

crld=>Xif a =>X .

endm

Maude> search a =>% Y:S .

Y:S --> b
No more solutioms.

Maude> search b =>x Y:S .

Y:S --> b
No more solutions.

Maude> search c =>*x Y:S .

Y:S --> ¢
No more solutionms.

v

Equations and rules in evaluation of conditions (II)

(VAR x)
(RULES
a->b
a->c¢
d->x | a->%x

Maude> search d =>* Y:S .
Y:S --> 4d

Y:S -——>b

No more solutioms.

Maude> search a =>* c .
search in TEST : a =>% c .
No solution.

TEST is confluent but Rrgst is proved non-confluent

Rule a => b is never used

Rrest Without a — b is proved confluent
WRLA 2026, April 11-12
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Application to Maude system modules

RELATED WORK
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Application to Maude system modules Related work

Mapping Maude programs into existing rewriting-based systems to
investigate confluence or termination is not new.

In proofs of operational termination [LMMO05], direct approaches, e.g.,
[BJMOO] use term orderings to compare components of equations and
rules.

Such techniques are weaker than state-of-the-art techniques like the
DP-framework [GTS04, GTSF06].
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Application to Maude system modules Proving operational termination

For functional modules, operational termination has been treated as
e Termination of CS-TRSs [DLM*04, DLM*08a].
® Termination of OS-CS-TRSs [LM09].

The tool MTT [DLMO08b] implements such transformations [DLMO09]. J

Encodings into unconditional rewrite rules may lead to

® Incompleteness (e.g., when investigating termination of conditional
systems by unraveling them into TRSs).

¢ Inefficiencies (by introducing additional symbols).

A DP-framework for proving termination of GTRSs [Luc24c], is
implemented in the tool MU-TERM-GTRS [GL25]
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Application to Maude system modules Proving confluence

For functional modules without axioms, confluence has been investigated
[BIJMOQ] as

® joinability of (order-sorted) conditional critical pairs and

® sort decreasingness of critical memberships.
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Application to Maude system modules Proving confluence modulo

For conditional order-sorted rewrite theories (X, A, R), such that
@ A is a set of linear and regular unconditional equations;
@® R is strongly E-coherent [DM12, page 819]:

S
X
R/A A
t t
/. N
A RA
.
u

© the rules in R are strongly deterministic and
O R is quasi-decreasing.

E-confluence is characterized as the IR’A -joinability of each ECCP
(O(O10(r)]p, 0(r)) <= 6(c), 0(c")

where p € Posz(¢) and /|, :/'7479 4

The tool CRC [DM10] implements these techniques. )
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Application to Maude system modules

CONCLUSIONS AND FUTURE WORK
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(@131 1 (e Wey el Lo AT E Wy E oY [T [ Conclusions: E-confluence of EGTRSs

E-confluence of E-terminating EGTRSs R can be proved by checking:
¢ L pm -joinability of

® Conditional Critical Pairs in CCP(R), CCP(E,R), CCP(R, E), and
® Conditional Variable Pairs in CVP™ (R), CVP™ (E), and CVP™(R)

* Lrm £ -joinability of

® [ogic-based Conditional Critical Pairs in LCCP(R) and LCCP(E,R),
and

® Conditional Variable Pairs in CVP™ (R) and CVP™ (E)

Simplifications possible depending on the structure of equations and rules

Our methods apply to ETRSs and Conditional Rewrite Theories as
particular cases of EGTRSs

Non-E-confluence of EGTRSs can be proved as the non- IR/E -joinability

of some conditional pair in LCCP(R) U CVPﬁ(R) UDCP(R)
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Confluence of conditional rewriting modulo Future work: E-confluence of EGTRSs

Implementation

Envisaged implementation in our confluence tool CONFident, including:
® |Improving MU-TERM-GTRS to prove E-termination of EGTRSs
¢ Improving infChecker to deal with (in)feasibility proofs with EGTRSs

V.

Theoretical developments

Conditions to use IRJ:— -joinability of CCPs instead of ECCPs or LCCPs
Develop methods to prove E-termination of EGTRSs

Use abstract results of E-confluence not requiring E-termination

Extension to other rewriting-based frameworks
¢ Logically-Constrained Term Rewriting Systems (LCTRSs),
® Higher-Order Rewriting,
® Nominal Rewriting
Order-Sorted EGTRSs )
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(@1, V VS (R e AT AN AT - o T Conclusions: Application to Maude

As for Maude functional modules
® A translation into EGTRSs is possible

® Some features are not easily captured

As for Maude system modules

® The functional module (X, M U B U E) included in a system module
(X, MUBUE,R,¢) is required to be confluent and terminating.
This can be investigated using EGTRSs

® Encoding into EGTRSs more difficult due to the use of _>!E 5° RB
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Confluence of conditional rewriting modulo Future work: Application to Maude

Theoretical developments

Restrictions on functional and system modules leading to faithful
simulations as EGTRSs should be investigated.

Implementation

Envisaged development of a Maude confluence and (operational)
termination analyzer based on CONFident and MU-TERM-GTRS
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